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ABSTRACT. The multiplicity structure of a polynomial system at an isolated
zero is identified with the dual space consisting of differential functionals van-
ishing on the entire polynomial ideal. Algorithms have been developed for
computing dual spaces as the kernels of Macaulay matrices. These previous
algorithms face a formidable obstacle in handling Macaulay matrices whose
dimensions grow rapidly when the problem size and the order of the differ-
ential functionals increase. This paper presents a new algorithm based on
the closedness subspace strategy that substantially reduces the matrix sizes
in computing the dual spaces, enabling the computation of multiplicity struc-
tures for large problems. Comparisons of timings and memory requirements
demonstrate a substantial improvement in computational efficiency.

1. Introduction

This paper presents what we call the closedness subspace method for computing
the multiplicity structure of a polynomial system

(1.1) fil@y, - we) == filzr, - 06) =0

at an isolated zero x = (Z1,---,25) based on the Macaulay-Grobner duality for-
mulation of the multiplicity.

Formulation, analysis and calculation of the multiplicity for the polynomial
system () at a zero are fundamental problems in algebraic geometry [6], 10, T3]
15]. There are rich structural invariants at X besides the multiplicity, such as
the dual space, depth, breadth [5], and regularity [4]. Those invariants not only
dictate the difficulty in solving the system (LI)) for multiple zeros [5), 8], but also
determine the nature of the ideal (f1,..., f:) itself [11].

Computational algorithms have been in development for identifying the multi-
plicity and various invariants in symbolic, numerical and hybrid computations such
as [7, 12, 14, 17] and more recently in [4} 5l 18]. The most efficient approach
appears to be identifying the dual spaces through the kernels of the Macaulay ma-
trices [5l [10]. As mentioned in [15] p. 334], the first implementation of a dual
space computing algorithm is carried out in [I7] but the code is no longer available.
The algorithm in [5] is implemented with both symbolic and numerical options and
included in the software package ApaTools [19, 20]. A multiplicity algorithm is
also to be imbedded in software packages such as Bertini [1, [2, [3]. However, dif-
ficulty may rise to a prohibitive level when the multiplicity is high and the number
of variables increases. For example, consider the KSS system [5], [7]

(1.2)  filxr,---,xs) = (w1+---+xs)+x?—2xj—n+1, forj=1,...,n
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which we shall adapt as one of the benchmark problem sequences for multiplicity
computation. The largest Macaulay matrix required at the zero x = (1,...,1) is
12,012 x 3,432 for n =7 to obtain the multiplicity 64, grows to 102,960 x 24, 310
for n = 8 with multiplicity 163, and reaches 218,790 x 48,620 for n = 9 and
multiplicity 256, far exceeding the memory capacity of today’s desktop computers.
Even if the problem is within the memory capacity, the matrix size becomes the
main bottleneck that slows down the overall computation.

In this paper we develop a closedness subspace method with an objective to
improve the efficiency substantially in both storage space and execution time for
computing the multiplicity structure. The main strategy is to take advantage of
the closedness condition as formulated in [11, I5]. (c.f. Lemma Bdlin §3]). This
closedness condition leads to a sequence of low-dimension closedness subspaces that
contain the dual subspaces, and yields much smaller sizes of matrices from which
the dual space is to be computed. For instance, the largest matrix is of column
dimension 1304 for computing the multiplicity of the KSS system (2] for n = 8,
and 2295 for n =9, a small fraction of the Macaulay matrix sizes.

The experimental results show a remarkable improvement in computing effi-
ciency. Applying a sequence of specifically designed matrix computation schemes,
the implementation of this new method is consistently faster than its predecessor
in ApaTools [19) [20] on benchmark systems requiring at least one second to solve.
On larger problems in sequences of systems such as the KSS in ([2]), the ratio of
improvement in computing time increases from 7-fold for n = 4 to 15-fold for
n =5, and to 177-fold for n = 6. More importantly, the new method continues
to produce multiplicity structures when the system size increases to n =7, 8, and
9, long after the previous method runs out of memory. On large systems of low
multiplicities, the new method can be over 3500 times faster (cf. Table M.

We shall outline the basic theory of the Macaulay-Grobner formulation and
the previous method for computing the multiplicity structure using the Macaulay
matrices (§2)). The proposed closedness subspace method will be presented in detail
(§31-96]) along with the computing strategy described in g5l to take advantage of the
block matrix structures. The computational experiments, results, and comparisons
will be given in 1

2. Preliminaries

The n dimensional complex vector space is denoted by C™, and the ring
of polynomials in indeterminates z1,...,zs with coefficients in C is denoted by
Clz1,...,zs]. A polynomial is denoted by a lower case letter, say p or f;, etc. Let
N* denote the set of s dimensional index arrays, where each index is a nonnegative
integer. Corresponding to an index array j = [j1, - ,js] € N®, the (algebraic)
monomials xi = zJ' ... zs and (x —y§ = (&1 —y1)7" - (x5 — ys)?*, whereas the
differentiation monomial

o o 1 g1t tis
(21) a‘] - 6'7‘1'”]‘3 - Jite- - gs! 61{1 -~-Bzg57
with the order |j|=j1+ -+ Js-
Consider a system of ¢ polynomials {fi,---,f:} in s variables with an iso-
lated zero % where t > s. Polynomials fi,---,f: € Clxy,...,2,] generate an
ideal Z = (f1, -, ft). We define a (differential) monomial functional

0;[%] : Clzy,...,zs] — C, where 0;[x](p) = (Ojp)(x) for p € C[x]
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at x € C". Generally, a (differential) functional at % € C? is a linear combination
of those 0j[X]’s. All functionals at the zero % that vanish on Z form a vector
space D (Z) called the dual space of T at X

(2.2) Di(I) = {c= Zj e Ci05X] | e(f) =0, forall feT}

where ¢; € C for all j € N°. We may write 0; instead of 0j[%] for simplicity if
the zero X is clear from the context.

DEFINITION 2.1. [I5] The multiplicity of an ideal Z C C[x] at an isolated
zero X is m if the dual space Dg(Z) is of dimension m, while Dx(Z) itself
defines the multiplicity structure of Z at x.

This definition generalizes the multiplicity from the univariate case, where z
is an m-fold root of p € Clz] if p(#) = p/(&) = --- = p™~ V(&) = 0 # p\™(2).
Namely, D;(Z) is spanned by 0[2], O1[Z], ..., Om-1]Z]. This formulation of multi-
plicity, also referred to as the “arithmetical multiplicity” [12], is a classical approach
that can be traced back to works of Lasker, Macaulay and Grébner in early 1900s.

The dual space Dx(Z) consists of functionals which vanish on the entire ideal
T = {f1,.-.,ft). In other words, let ¢ be a differential functional at %X. Then
¢ € D4(Z) if and only if

(2.3) c(p-fi) = 0 forall peClry,...,zs] and 1<¢<t.

The criterion (23)) is called the closedness condition [15].
For a € N, the subspace Dg(Z) consists of functionals in Dg(Z) with differ-
ential orders bounded by o.

The multiplicity structure of the ideal Z = (f1,---, f;) at an isolated zero %
can be computed as the bases for the dual subspaces D3 (Z) for aw=0,1,--- until
reaching the smallest «, say «a = o, such that
(2.4) dim(Dg (I)) = dim (D;“(I))

where dim(-) denotes the dimension of a vector space. When (24 occurs, all the
subsequent dual subspaces D (Z) = DI(Z) for all a > 0. Thus Dx(ZT) = DI ().
This o is called the depth of the dual space Dx(Z) and represents the highest
differential order in the dual space. The following lemma transforms the problem
of finding the dual space to identifying matrix kernels.

LEMMA 2.1. [5] Let % be an isolated zero of the ideal Z = (f1,---, fi) C
Clz1,- -+ ,xs). For a € N, a differential functional Zm<a ¢ 051%] is in the dual
subspace DZ(Z) if and only if the coefficient vector ¢ = [¢; : |j| < a] € C"
satisfies the homogeneous system of equations

(2.5) Z‘j‘gacjaj((x—x)kfi)(fc) =0, for keN°, k| <a, i€ {1,2,---,s},

which can be written in the form of S,c =0 for ¢ € C". Here S, is called the
a-th order Macaulay matrix of size m, X n, with

(2.6) Mo = <a71+s>t and n, = (“;rs> for a >0

a—1

and So=[f1(%),, £(®)] = Opr.
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An algorithm is constructed accordingly for computing the multiplicity struc-
ture [5] along with the software module MultiplicityStructure in the Maple
package ApaTools [19, 20]. The algorithm can be used in both symbolic and
numerical computation. If the exact zero X is available and exact arithmetic is
applied in computing the matrix kernels, an exact basis for the dual space can be
computed. Otherwise, numerical rank-revealing [5, @] is employed in computing
an approximate basis for the dual space and the exact multiplicity.

However, the sizes of Macaulay matrices given in ([2.6) can easily exceed the
storage capacity of a personal computer, or can become large enough to require
excessive computing time. The objective of this paper is to construct alternative
matrices, of much smaller sizes, that produce the same kernels. A sequence of
Macaulay matrices Sy, Si, ... are shown in Figure[lin §[6 in comparison with
their counterparts of small sizes involved in the algorithm in this paper.

3. The closedness subspace and the closedness support

The main drawback of the Macaulay matrices S, derived from equation (2.1])
is its underlying domain of the vector space 5pan{ 05 ’j e N°, |j| < a} as a
linear transformation. This vector space has a dimension n, given in (23] that
can be prohibitively too high. To reduce the sizes of the matrices used in the
multiplicity computation, we need subspaces of low dimensions where the same
dual space resides. The closedness subspaces to be described here serve that pur-
pose. The following lemma, which is originally applied by Stetter and Thallinger
in their multiplicity algorithm [15] [I'7], rephrases the closedness condition (23] to
an equivalent form.

LeEMMA 3.1. [I5] Theorem 8.36] Let Z = (f1,...,ft) € Clx1,...,z5] be a
polynomial ideal and let Dx(Z) be its dual space at an isolated zero %x. Then
¢ € Dx(Z) if and only if

(3.1) e(fr) = e(fe) = - = e(fs) = 0, and
(32) (1)1(6), (I)Q(C), Ceey (I)S(C) S Dﬁ(.’[)
where ®q,..., P, are the linear anti-differentiation operators defined by

. 0 if j,=0
D, (0),..5.[%]) = { 9y ;%] otherwise
with j/ =7 —1 and jj =j; for i € {1,---,s}\{o}.
Using an example in [5], the ideal Z = (23, 2229 + x3) has a zero X = 0 =
(0,0) of multiplicity 12 with the dual space
0 1 2 3 4 5 6
N ————— —— —— —— ——
(3.3)  Do(Z) = span{ 800, 10,801,020, 1,02, 2,03, O3,d0a-021,o5-022, Do6-O23 }
where the basis functionals are grouped according to the orders of the differentials.
The functional dog—0d23 belongs to the dual subspace D§(Z), and by Lemmal3.1]
(1)1 (806_823) = 0—(913 and (1)2(806_823) = 605—(922 are both in DS(I), as shown
in (33).
Lemma[3.] implies that each dual subspace Dg(Z) is a subspace of the a-th

order closedness subspace

(3.4) CE(T) = {c= > 4 < Ci051X] | ®,(c) e DHT), o=1,...,5}
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which will be shown to have a much lower dimension than n_ in (Z1).

The significance of the closedness subspace is two-fold. First of all, the dimen-
sion of the closedness subspace is much lower than that of the monomial subspace
5pan{8j ‘ il < a}, leading to fewer columns in the matrices for kernel computations.
Moreover, the functional ¢ € C$(Z) is only required to satisfy ¢ constraints in (B.1])
since the closedness condition (Z3) is already satisfied by design. Consequently,
the homogeneous system of equations ([B.I]) corresponds to a matrix whose row
dimension is t instead of m_ in (2.86]).

PROPOSITION 3.1. Let Z = (f1,..., fi) € C[z1,..., 2] be a polynomial ideal
and let CZ(Z) be the a-th order closedness subspace of Z at % defined in (3.4)).
If {c1,...,cm} forms a basis for C3(Z), then

(35) DRI = {Xluie | Xitiugei(fi) =0, i=1,...,t}
(3.6) m = dim(C(Z)) < t+dim(DL(T)) < t+ dim(Dx(T))

Proof. The equation (B3] follows directly from Lemma[3] and the definition of
C2(Z). Consequently, Dg(Z) is isomorphic to the kernel of the matrix

ci(f1) c2(fr) - em(f1)
(3 7) W ci(f2) c2(f2) -+ cm(f2)
a(f) e(f) - emlf)

leading to (3:6). L]
For example, the largest matrix Wy whose kernel determines the dual space
of the KSS system (L2) for n =9 is of size 9 x 265, which is almost negligible in
comparison with the 218790 x 48620 Macaulay matrix for the same problem.
For computing the closedness subspace, we also need a monomial basis

(38) MZ(Z) = {95|0< il a, ®s(85) € S¢HT) for o=1,...,5} U{do..0}

which we refer to as the a-th order closedness support, where the a-th order dual
support is defined by

(3.9) Sg(T) = {8] 3= ngaciai[&] € D3 (Z) such that ¢; #0}

for @ > 0. The closedness support Mg (Z) spans an intermediate subspace be-
tween the closedness subspace C$(Z) and the vector space spanned by all differen-
tial monomials of order a or less:

DE(I) C CL(T) C span(MZ(T)) C span{d;|lj| < a}.

From the definition of the dual support S¢(Z) in ([B9), the third order mono-
mial do1 & Sg(Z) for the dual space is in (B.3), but dq; € Sg(Z). Namely, an a-th
order monomial may not be in the a-th order dual support, but can be in the dual

supports of higher orders.
Using the dual space (B3] as an example, the 5-th order dual support is

SS(I) = {800, 010, o1, D20, D11, Doz, O12, oz, 21, Boa, O13, D22, Dos}

for T = (x3, x3x9+23). Asaresult, the following 6-th order differential monomials
960, D51, Oaz, D33, Doa, 15 aremot in MG(Z) since ®1(d0) = Is0, Pa(D33) = Do,
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etc. do not belong to the dual support Sg(Z), and the cardinality increases only
by two from M§(Z) to M§(Z): MS(Z) = MF(Z) U {6, a3}. Similarly,

My(Z) = {o..0}, Mg(Z) = MJ(T)U {0,801},
M§(I) = Mé(I)U{azo,au,aw}, MS(I) = Mg(I)U{330,3217312,303}7
Mg(T) = MZ(T)U {813,804} and Mg(I) = Mg(T) U span{dia, Doz, Bos}-

These monomial supports span subspaces in which we shall identify Cg(Z) and

Co(Z) with much smaller dimensions than the subspaces spanned by all monomials.
Finding the closedness subspaces requires matrix computations, as we shall

discuss later in §l The closedness supports are relatively easier to establish using

the standard binary search. As a counterpart of the anti-differentiation operator

®,, a linear differentiation operator ¥, is defined as

(3.10) Vs (0i..5.) = 0;

]1~~~js

where j; = j; for i € {1,...,s}\{o} and j, = j, + 1. Starting from the known
subspaces and the trivial support

(3.11) Cg(Z) = Dg(l) = span{dy. o}, and S,Qc(I) = {0v..0},
it is straightforward to verify that Ci(Z) = span(ML(Z)) with
ME(Z) = {o..0,10..0,001..0,- -, 0.1} = {&|lil <1}

for any ideal 7 at any isolated zero x. We can then proceed to find the dual sub-
space D}(Z) from CL(Z) by the algorithm (6.1)) in §6 Generally, after identifying
the dual subspace D¢ 1(Z) of order a—1 and its monomial support S™(Z), the
closedness support M (Z) of order up to « is to be established in two steps. The
first step creates a temporary set T of possible monomials of order up to « by
applying the differential operator ¥, for 0 =1,...,s on all the (o — 1)-th order
monomials in the support S$H(Z) of the dual subspace D¢™(Z). Then the second
step checks each monomial 9; € T' to see if it is in the dual support S$™(Z), and
excludes those monomials that fail the anti-differentiation test.

The following is the pseudo-code for setting up the closedness support Mg (Z)
of order o from the dual support S¢'(Z) of order a—1.

Initialize the temporary set T = ()
% step 1: create the set of possible monomials
for o =1,...,5 do
| Expand T = T U ¥, (S¢HI)\S$2(T))
% step 2: exclude monomials not satisfying the closedness condition
for every 05€ T do
if ®,(8) & S¢H(Z) for any o € {1,...,s}, then
Update T = T\{0;}
end if
Output M2(Z) = M Y(Z)UT

(3.12)

There are two for-do loops in the pseudo-code (BI2) corresponding to the two
steps described above. Obtaining the closedness support is particularly effective in
achieving high efficiency when the dual space possesses high sparsity in the sense
of monomial support.

Using the dual space ([3.3)) as an example for « = 3, we have Sg(Z)\S3(Z) =
{012, Bo3} and W1 (S3D\SG(Z)) = {022, D13}, W2(S3(D\SG(Z)) = {D13, Doa}.
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Thus the first for-do loop results in T = {da2, 13, Goa}. After that, the second
for-do loop check the three monomials one by one using the anti-differentiation
operators ®; and ®,, excluding day from T since ®5(0a2) = do1 ¢ Sg(Z) and
obtaining M3(Z) = MZ(Z) U {013, Do}

4. Computing the closedness subspace

Computation of the closedness subspace essentially comes down to matrix
rank/kernel identification. Assume that DH(Z), C1(Z), Mg (Z), and S¢(T)
are known at a certain stage with a > 0, as they are given in (811 for o = 1.
Then the o-th order dual support Mg (Z) can also be assumed to be obtained
by the procedure (BI2). We shall give a detailed description of the algorithm
for computing the closedness subspace CZ(Z) as a subspace of span(Mg(Z)).
Fundamental matrix computations will naturally arise from the closedness con-
dition in Lemmal[3.1]

Using a monomial ordering, we can write

(4.1) M(Z) = {84,,05,--.,05,, } U{do..0} and DFNT) = span{ci,ca,...,cn}

where each ¢; € span(S¢7(Z)). From C¢(Z) € span(Mg(Z)) and Lemmal3d] the
identification of Cg(Z) is equivalent to finding z;’s in C such that there exist
Yor’s in C satisfying
(42) @5 (2105, +2205,+ +2m05,.) = Yor01+ Y22+ + Yonn,

for o =1,...,s.
By the definitions of the closedness support MZ(Z) and the dual support Sg1(Z),
each ®,(9;,) is either zero or a monomial in S¢™'(Z), and each ¢; is a linear

combination of monomials in S¢™!(Z). Equating the coefficients of each 8;, €
S¢1(Z) on both sides of (L) for o € {1,...,s} yields equations

(43) Zp = dialya'l + diUQyUZ + -+ dia'nyan if (I)(T (6.11) 7& 0
(44) 0 = dicrlya'l + dio2yo2 +-- 4+ dia’nydn if (I)a' (ajl) = 07
for i=1,...,m.

For each i € {1,...,m}, picking the equation (£3) for the smallest o leads to
(4.5) z = Ay

where z = [217 e 7Zm]T S (Cm7 y = [y117 e Yins Y21, -5 Yon, - 7ysn]T € cen
and the matrix A € C"™**". The remaining equations in (3] can then be rewritten
in the form of

(46) dialya'l + di02y02 +F dia'nyan = diulyul + diqupQ + -+ diunygn

by equating two expressions of z; corresponding to different ¢’s. Combining (4.6))
and ({4), we have a homogeneous linear system of equations

(4.7) By = 0.
The a-th order closedness subspace is thus
CYI) = {x105,+ - +2m0;, | z=Ay and By = 0}.

Since the subspace C$1(Z) of C¢(Z) is known at «, we need only the orthogonal
complement C$1(Z)4 in C¢(Z). Let G = [gix] € C™** be the matrix such that

(4.8) CENT) = span{gudi,+ - +gmr0;, | k=1,...,¢}.
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Then the orthogonal complement C$1(Z)1 can be obtained by imposing an addi-
tional constraint

(4.9) G"'z = Gf'Ay = 0.

Denote the kernels of B and G"A as K(B) and K(G"A) respectively. Let N
be the matrix whose columns span the joint kernel K(B) N K(G"A), namely, the
general solution to both (A1) and ({9) is y = Nu. We have

(4.10) CeNI)t = {2105+ - +2m0, | 2= ANu}
and Cg(Z) = C¢H(T) & CLH(Z)F. We thereby completed a constructive proof of

the following proposition.

PROPOSITION 4.1. Assume the dual subspace Dfé'l, the closedness subspace
C¢H(Z), and the closedness support MZ(Z) = {8;,,...,0;,. }U{0o..0} are available
at the isolated zero % to an ideal Z C Clz1,...,z;] for a differential order « > 0.
Then the a-th order closedness subspace CZ(Z) = C¢™HZ) @ C2Y(T)L with

(411)  CgMD*t = {z10,++2m0;, | 21, 2m] T = ANu, ue C'}.

Here the matrix A is defined as in ({.7)) and the columns of the matrix N span
the joint kernel K(B) N K(G"A) with B and G being given in {{.7) and (£.9)
respectively. Furthermore, the column dimension of the matrices A and B are
bounded by s - dim(Dx(Z)) for all o

The following example illustrates this proposition.

EXAMPLE 4.1. Consider the ideal Z = (2%y?—22+y2, 22 —9?) at the zero 0.
Suppose the following subspaces and monomial supports are available

DY(IZ) = Co(I) = span{doo, dr0+8o1, O10— o1}
MET) = {800, Do, Bo1}, SE(ZT) = {00, D10, on}.
The procedure ([BI2)) identifies the second order closedness monomial support
Mg(Z) = {810, o1, D20, D11, Bo2} U {Doo}-
To calculate C3(Z), we first generate the equations (LZ) in this case as

®1(21010+22001 +23020 + 24011 +25002) =

21000 + 23010 + 24001 = Y11000 + y12(d10+001) + Y13 (910 —o1)
Do (21010422001 + 23020 + 24011 +25002) =

22000 + 24010 + 25001 = y21000 + Y22(010+001) + y23(F10 —o1)

leading to the equation (X

21 1 Y11
20 1 Y12
7z = 23 | = 11 y13 = Ay
24 1 1 Y21
25 1 —1 Y22

Y23
and ([@1) from equating z4 = y12 — y13 and z4 = Yoz + Yoz and
By = [0 1 -1 0 -1 -1]y-=0.

Using the existing C3(Z), the matrix G in (&3 is
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leading to the equation G" Ay = 0. The joint kernel K(B) N K(GHA) can then
be computed as the column space of the matrix N and thus z = ANu where

and AN =

=

Il
RO OoOOoO+~O
o OO O
[cNeNeN T o]
== -=00
== =00
[Nl Vol

implying that C$(Z)+ = 5pan{320+(911—802, O20+0111+002, 2620} is the orthogonal
complement of C4(Z) in C3(Z) = Ci(Z) ® CH(T)* . L]

5. Exploiting the block structure of matrices

The main cost of computing the closedness subspaces occurs at manipulating
the matrices A and B in ([LH) and ([@1) respectively. Both matrices can be highly
sparse if the dual space is spanned by sparse functionals. At minimum, one can
exploit the block structures to reduce both storage and computing time.

Assume again the closedness support Mg (Z) and the dual subspace Dy (Z)

are written as in (@), while z = [21,...,2,]' and y = [y], ..., yJ]T with
Yo = [Yo1s---»Yon] for o =1,...,s asin [@2). It is clear from (&3] that there
exists a permutation matrix P such that Pz = [z;,,...,2,,]" and
A4 Y1
As Y2
(5.1) Pz = (PA)y = :
A, Ve
where Aq,...,As have the identical column dimension n. Consequently, the ma-

trix A in (£I) can be stored as an m X n matrix containing the nonzero blocks
A, ..., A, only, and the matrix multiplication G"A and AN in (@9) and (@I0)
respectively can be carried out by block matrix multiplication. The resulting stor-
age and the operation count is a fraction of those in straightforward computation
without exploiting the block structure.

Computing the kernel IC(B) of the matrix B in (7)) requires its triangular-
ization by either elementary row operations or the QR decomposition. To save
storage and computing time, the construction and triangularization of B can be
accomplished interactively blockwise. The first block of B is generated by the
equations (@4) for 0 = 1 in the form of Bil)yl = 0. The block Bgl) of B

can then be triangularized in B;(1) = GllTl(ll) by either QR or pivoted LU

decomposition, where T1(11 ) is an upper-triangular matrix.

For o = 2, the equation (L2 leads to the equations [@4]) in the form of
B§2)y2 = 0 and the equations (£0) in the form of B%z)yl + O§2)y2 = 0, resulting
in the upper-left portion of B being generated and then triangularized as

Bil) G11 Th1 Tl(f) Tl(z)
B£2) C{Q) = I 352) cf) N Tz(g)
B;z) I B£2)

using block matrix decompositions, where Tl(f) and TQ(S) are upper-triangular
matrices. In general, after constructing matrix blocks of B at the integer o = p
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based on the equation (£2) we obtain the triangularization
Tl(f) Tl(u)
I
(5.2) ;
T4
The equation [@2) for ¢ = p+1 leads to equations (4) and (6) that can
be written as ijﬂl)yuﬂ = 0 and Bi(’”l)yi + Cl-(’”l)yuﬂ = 0 respectively in

matrix form for ¢ =1,...,u. Combining those equations with (5.2)) yields further
construction of matrix B and its triangularization

[ (1) i + + +
Y e Ty Tl(f v T1(Z B Tl(*:ﬁll)
-~ N
- fip - 7wty | ple +1)
1 1 mp N 1
(53) | | = e
pti,ptl
(D) | et
B C?Z )
pTl
L Bu+l | L m
. . . e +1 +1 .
The triangularization “==" above involves eliminating B§” ) Bfﬂ ) using
the upper-triangular blocks Tl(f ), e T,SZ) respectively, and triangularizing the
. .. . +1 +1 +1) +1
resulting block originally occupied Ci“ ), R Cl(ft ),Bl(fil ) into beil#zﬂ.

Continuing the above construction/triangularization process from o = 1 to
o = s, we reach the final triangularization B = QT where T is upper-triangular,
Q@ is the accumulation of the transformations that is not explicitly needed. Notice
that the kernel K(B) is identical to the kernel K(7T'). To compute the joint kernel

K(B)NK(G"A) = K ({ G;A D, one needs to make the final triangularization of

the trapezoidal shaped matrix [ G;A ] whose kernel can be efficiently computed

by the rank-revealing method developed in [9].
The process of computing the closedness subspace Cg(Z) can now be summa-
rized in the following pseudo-code.
initialize A=0, T=0
extract rows of A from @3] for 0 =1
form B;l) from ([@4) and (@6, triangularize it as Tl(ll)
for 0 =2,3,...,5 do
extract additional rows of A from ([@3]).

(5.4) form B%U), ...,BY) and Cl(g), ce C(g‘_yi from (@4) and (4.6])
carry out the triangularization (&3] for o = p+1
update T

construct G from (L)
compute N whose columns span K(G"A) N K(T)
output C¢(Z) = C¢H(T) @ Cg Y (Z)* with C€2Y(Z)* in (@I

6. Computing the dual space

At the stage «a with the availability of the closedness subspace Cg(Z) =
span{ci,...,cm} for the polynomial ideal Z = (f1, fa,..., ft), we can now describe
the dual subspace Dg(Z) as (B.5) in Proposition.I] and compute it as the kernel
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of the ¢t x m matrix W, in B1). The column dimensions of all such matrices
W, ’s are bounded by the multiplicity plus the number ¢ of equations.

The initial Wy = Otxq since ¢; = 9.0 and fi1(X) = --- = fi(x) = 0. From
an existing W,, the new matrix W, is recursively constructed by augmenting
W, with new columns generated by the basis functionals for C$(Z)* NCy (@).
The kernel (W, ) can be imbedded in K(Wy41), K(Was2), ... by appending
zeros the at the bottom of vectors in K(W,). The computation of the dual space
Ds(Z) terminates in two ways. If the newly obtained closedness subspace CO‘+1 2)
does not expand its dimension over CZ(Z), namely CZ(Z)+ = {0}, then there is no
need to compute the dual subspace ’DO‘+1 (Z) since it does not expand over Dg(Z)
either. Otherwise the process termmates when the computed kernel ( a+1) is
of the same dimension as K(W,). In both cases the dual space Dx(Z) is obtained
as Dg(Z), the multiplicity is dim(Dg(Z)) and the depth is .

The algorithm for computing the dual space Dg(Z) can be described in the
following pseudo-code.

Initialize DY(Z) = CI(Z) = span{do..o} and Wy = Oy

for a=0,1,... do
get Cgﬂ Z =C2(I)®CL(T)* by computing C(T)*
if CY(T)*t = {0} then
set Dg(Z) =Dg(Z), break the for-do loop
else
expand W, to W,y using new columns for CO‘(Z)l
(6.1) get K( a+1) by computing K(Ws)t in K(Was1)

if K(W4)t =0, then

set Di(Z) = Dg(Z), break the for-do loop
else

set DY™(Z) by isomorphism to K(Wy11)
end if

|l end if

output Dy(7)

We illustrate the process of computing the dual space in the following example
as well as a comparison with the algorithm in [5] using the Macaulay matrices.

EXAMPLE 6.1. Consider (f1, f2) C Clz1, 2] at the zero (0,0) where

fi(wy,x2) = 551—582-1—58%7 fi(zi,22) = 561—5624‘55%-

This ideal is taken from [5] in which Figure[l is used to show the expansion of
Macaulay matrices Sy, ..., S3 and the corresponding kernels. These kernels
leads to the dual subspaces

'Dg(Z) = span{Boo}, Dé(I) = span{Boo, O10+001}
D3(I) = Da(Z) = span{doo, 810+801, —10+20+0811+8o2}

In contrast to Figure[l] the algorithm (54 produces closedness subspaces

COT) = span{doo}, Co(T) = CY @ span{dio, Bo1}, Co(T) = Co ® span{Ba0+11+D02},
C?)(I) = CgEDSPaﬂ{630+(921+312+603—320+602}

leading to the expansion of the matrices Wy, Wi, Wy and W3 shown as follows.
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column index

[l 900 910 001 920+011+0902 0930+ 921+ 012+ 903 — 920 + o2

f1 0 ‘ 1 -1 1 -1
1 -1 1 1
W Wa wy, Wo f2 0
bases for kernels (transposed as row vectors):
K(Wo) 1] 0 o ‘ 0 0
KWy) 0 1 1 0 0
K(ws) KW2) 0 -1 0 1 0

Here, K(Wy) and K(W;) are identical to K(Sp) and K(Si) in Figure[ll
respectively. The new basis vector [0,—1,0,1]" € K(W2) represents the functional
(=1) - 010+ 1 (920 + 011 + Oo2) (c.f. the column indices of W3). As a result, the
same dual subspaces are produced with matrices with sizes up to 2 x 5, much
smaller than the Macaulay matrices with sizes up to 12 x 10.

column index

Macaulay
matrices \, || oo 810 901 820 911 o2 P30 921 D12 o3
f1 0 1 -1 1 0 0 0 0 0
So fo 0 1 -1 0 0 1 0 0 0 0
S1
Z1/1 0 0 0 1 -1 0 1 0 0 0
z1 fo 0 0 0 1 -1 0 0 0 1 0
z9 f1 0 0 0 0 1 -1 0 1 0 0
So 2o fo 0 0 0 0 1 -1 0 0 0 1
ch f1 0 0 0 0 0 1 -1 0 0
7 f2 0 0 0 0 0 0 1 -1 0 0
z1x2f1 0 0 0 0 0 0 0 1 —1 0
z1x2 fo 0 0 0 0 0 0 0 1 —1 0
Jc§ f1 0 0 0 0 0 0 0 0 1 -1
S3 @2 fo 0 0 0 0 0 0 0 0 !
bases for kernels (transposed as row vectors):
K(So) 1] o 0 0 0 0 0 0 0 0
K(51) 0 1 1 0 0 0 0 0 0 0
K(52) 0 —1 0 1 1 1 0 0 0 0
K(S3)

FIGURE 1. The Macaulay matrices for Example[6.1]

7. Computational experiments

A preliminary Maple implementation with code name Multiplicity is tested
in comparison with its predecessor MultiplicityStructure that was released as
a module of the package ApaTools[20] described in [19]. All experiments are
carried out using an ASUS R1E notebook computer with Intel Core 2 Duo CPU
T7700 at 2.40GHz and 2GB of RAM on the platform of Maple 12 classic work-
sheet in Windows Vista. The Maple environment variables are set by statements
“UseHardwareFloats := true” and “Digits := 16. All timing measures are
elapsed time in seconds. We shall implement the Matlab version and upgrade
ApaTools/Apalab due to the overwhelming advantage of the closedness subspace
method over the previous Macaulay matrix based algorithms.

We first test Multiplicity using the same set of benchmark problems de-
scribed in [5]. The new code produces the same multiplicity and the dual space
for each test problem. The test results on these polynomial systems are listed in
Table[ll Most of these problems are small in terms of system size, multiplicity and
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depth, requiring less than one second for both codes. For such small problems,
algorithm efliciency is not important. On the four larger systems the advantage
of the new code starts to be noticeable. Among them, either the multiplicity is
high (e.g. DZ2 and DZ1 of multiplicity 16 and 131 respectively) or the system size
becomes larger (e.g. Cyclic 9 of 9 x 9). The new code Multiplicity is about
10, 20, and 50 times faster respectively.

|| system | Z€ero || depth | multiplicity || Previous time | New time ||

cmbs1 (0,0,0) 4 11 437 234
cmbs2 (0,0,0) 3 8 172 .140
mth191 (0,1,0) 2 4 .047 .062
Decker2 (0,0) 3 4 .016 .078
0jika2 (0,0,1) 1 2 .000 .047
(1,0,0) 1 2 .000 .031

0jika3 (0,0,1) 3 4 .156 .109
(=5/2,5/2,1) 1 2 .016 .031

KSS (1,1,1,1,1) 4 16 15.491 0.905
Caprasse | (2, —iv/3,2,iV/3) 2 4 .249 .219
Cyclic 9 Zg 2 4 19.344 0.905
DZ1 (0,0,0,0) 10 131 642.287 11.731
DZ2 (0,0,-1) 7 16 4.852 0.421
DZ4 (0,0,0) 4 5 0.468 125

TABLE 1. Test results on benchmark problems (cf. [5]).

The objective of developing the new method in this paper is to advance the
computational efficiency for large systems. For this purpose, we propose three
additional benchmark problems for performance tests in this paper and the future
development of high efficiency algorithms for computing multiplicity structures. In
all three problems, the sequence {p1,pa,ps,...} denotes of the sequence of prime
numbers {2,3,5,...}.

o The shifted KSS systems of n xn

(7.1)  (r1—P1)+ -+ (@n—/Dn) + (T—Pr)? = 0, for k=1,2,...,n

at the zero (y/p1,...,+/Pn), which is a variation of the KSS system (L2
[7] in the introduction. The multiplicity increases from 4 to 256 as does
n from 3 to 9 and the memory demand intensifies even further.

e The cyclic cubic systems of n x n defined as

(7.2) ui—ukﬂukﬁ =0 for k=1,2,...,n—2, and
' ud | —upur =0, ud —ujus =0, with uj = /pjz; for j=1,...,n

at the zero (x1,...,z,) = (0,...,0). This sequence of polynomial sys-
tems can be considered a generalization and variation of the benchmark
problem cbms1 [5, 16]. The multiplicities of the cyclic cubic systems
increase rapidly, and the memory is only enough for the previous code up
to n=25.
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system size n 3 4 5 6 7 8 9
multiplicity, depth || 4,2 | 11,4 | 16, 4 42, 6 64, 6 | 163, 8 256, 8
previous time 0.06 | 3.15 | 15.07 | 1231.4 — — —
Grobner basis time || 0.09 | 0.92 | 20.20 | 603.1 | 23984.0 — —
new time 0.11 | 045 | 0.98 16.0 47.1 | 1894.1 | 10850.2

TABLE 2. Timing comparison on n x n shifted KSS systems (ZI). The
previous code runs out of memory for n =7,8,9. The Grobner basis compu-
tation was terminated for 8 and 9 due to excessive time.

o The ten-fold triangle system of n x n

vy +vidtvs+o-+v, = 0
vitvstton = 0 . 7
(7.3) vgetu, = 0 With up=a = Jor
. . . for j=1,...,n

v, = 0

at the zero (z1,22,...,2,) = (,/Z’)’—i,1 /g—i,...M /g—z) has a fixed multi-

plicity 10 and depth 5 for all n > 2. The problem size increases in terms
of the number of equations and variables.

As n increases, those polynomial sequences increase the demand on the mem-
ory requirement and computing time. For instance, the largest Macaulay matrix
required for the KSS system of 7x7 is 12012x 3432 and the previous code runs
out of memory. To put the memory demand in perspective, the largest Macaulay
matrix required for the 9x9 KSS system is 218790 x 48620 or at least 79 GB
of memory is needed for the previous method, not to mention the huge amount
of computing time on manipulating such a large matrix even if the memory were
available.

It is possible to compute multiplicities via Grobner bases in symbolic computa-
tion at the exact zeros. However, round-off errors can not be avoided in the three
systems or the zeros using floating point arithmetic, making symbolic methods such
as the Grobner basis unsuitable. For comparison, we also lists the times required
for Maple to compute the Grobner bases on the systems using exact coefficients.

The results in Table @l show the closedness subspace method is up to 77 times
faster than the previous algorithm on KSS systems for n = 6, and continues to
produce multiplicity structures for n = 7,8,9 long after the previous code runs out
of memory. The result in Table[lis similar for the cyclic cubic systems on which
the new code is up to 179 times faster when both codes can still run, while the new
code maintains the capability of computation up to n =7 for multiplicity 338.

system size n 3 4 5 6 7
multiplicity, depth || 11,4 | 30,6 | 62,7 | 153, 9 | 338, 10
previous time 0.453 | 28.75 | 629.6 — —

Grobner basis time || 0.124 | 2.93 | 90.9 | 5033.6 —
new time 0.281 | 0.91 3.5 42.5 847.5

TABLE 3. Timing comparison on nxn cyclic cubic systems (Z2). The pre-
vious code runs out of memory for n = 6,7. The Grébner basis computation
was terminated for n =7 due to excessive time.
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The results in Table@on the ten-fold triangle systems give further insight on the
advantage of the new method. For the closedness subspace method, the computing
time does not seem to increase as much as for methods relying on the Macaulay
matrices when the number of indeterminates increases while the multiplicity stay
the same. The improvement ratio reaches the level of thousands for 7-variate
systems. Again, the previous code runs out of memory at n = 8 while the new
code continues to run for n = 100 when the test stops. This test result show
that the cost of the closedness subspace method in computing multiplicity may
be practically negligible on large polynomial systems when the multiplicity is low,
considering the high cost of solving those systems in the first place.

system size n 5| 6| 7| 8| 9| 10|---| 100
multiplicity, depth identical multiplicity 10 and depth 5 for all n
previous time 54.21 | 268.9 | 1113.7 —
Grobner basis time || 0.375 | 6.084 | 126.3 | 3100.7 — — - —
new time 0.234 1 0.296 | 0.312| 0.343 | 0.359 | 0.406 | --- | 56.1
TABLE 4. Timing comparison on nxn ten-fold triangle systems (Z3). The

previous code runs out of memory for n > 8. The Grobner basis computation
was terminated for n > 9 due to excessive time.

The experimental results on the test systems clearly show the superiority of
the closedness subspace method over its predecessor in both execution time and
memory consumption. The new method takes advantage of the low dimension of
the closedness subspaces and the resulting smaller matrix sizes in the process of
computing dual bases, making it possible to improve efficiency substantially and to
solve larger problems.

Concluding remark. When the degree and the number of indeterminates
increase, the number of monomials grow rapidly to a prohibitive magnitude. As
a result, the vector spaces spanned by straightforward monomial bases quickly be-
come difficult to handle in matrix computation due to high dimensions. A possible
solution to overcome this bottleneck is to use proper low dimensional subspaces
as domains on which linear transformations correspond to matrices of small sizes.
The closedness subspace method in this paper demonstrates the effectiveness of
this dimension reduction strategy. Other polynomial computation problems such
as multivariate GCD can also benefit tremendously from similar techniques[21] us-
ing the so-called fewnomial subspaces. Further exploration of subspace methods
may lead to efficient algorithms for more applications.

Acknowledgement. The author would like thank Hans Stetter for many
insightful discussions and providing the diploma thesis [17] of his former student.
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